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Abstract. In earlier studies one of the authors proposed a
method for computing a laminar boundary layer based on the
joint solution of an equation of motion, linearized using
some one-parameter family of profiles, and an integral rela-
tion. This new paper gives a solution of the problem of a
laminar boundary layer with an arbitrary velocity distribu-
tion at the layer boundary.

In [1-3] one of the authors proposed a method for computing the laminar ©/90%

boundary layer, based on joint solution of the eqUatibn of motion, linearized
using some one-parameter family profiles, and the integral relation. This
approach, constituting eventually a combination of the iﬁtegral ﬁomputation
method and the linearization method, makes it possible to apply the advantages
~ of each of these methods. In particular, due to the simultaneous satisfaction
of the linearized equation and the integral relation it is possible to obtain

a high computation accuracy.

~=-In addition, the use of a one-parameter set of profiles makes it ppssible

*to dispense with a two-layer model of the layer usually émployed during
.1inearizatioh [4] and [10]. This considerably simplifies computatidn, so that
they are virtually as simple as computations based on integral methods. How-
ever, in contrast to the latter, the proposed method makes it possible to
"determine not only the fundamental characteristics of the layer, but also the
distribution of parameters across the layer. In this sense it is considerably
closer than other approximate methods to the method of solving precise equa-
tions in series [6, 8]. In addition, linearization of equations considerably
simplifies the problem and makes it possible to use well-developed mathemati-

cal approaches.

*Numbers in the margin indiate pagination in the foreign text,




' This paper gives a solution of the problem for a laminar boundary layer

with an arbitrary distribution of the velocities at the layer boundary.
§]. Linearization of the Equation
We will write the Prandtl-Mises equation,

s

o7 BZ 7= U2 = .ud.l/;

B— alpo;

o 0 (1.
. ‘\,l)r::O, Z::U?()C), P =co Z = 0.

Here all the parameters are dimensionless and related: velocities U and u

in the boundary layer and outside the layer are related to the velocity U_

- distant from the body; the coordinates x and y are related to the characteris-
tic dimension L and the parameter /\)—L_/U_ the, stream functlon Y is related to
RW (v is the klnematlc viscosity coeff1c1ent)

Introduc1ng the new variables

O=\U@d: o= P S
J‘ _(b) ST Vom , ’ | (1.2)
in place 'of expression (71.1) we find
o 07 07 u 0°7 E A (1.3) )
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For linearizing this equation we use self-similar solutions obtained for U =

self = a($, B), where 8 = 2m/(m + 1)

is a parameter in the self-similar solutions [5], we write the following

= cmm, as in [2]. VUsing the notation (u/U)

linear equation:

ez ez o2 . :
2(Da(D (Pa(P C/((p,B)a = =0, | Q.8

Z_(O):U?(cp); Z(o$)=o. V ‘ (1.5)




For finding the g parameter we write an integral expression. Integrating
.equation (1.3) and (1.4) across the layer and subtracting the second from the

first, we obtain

Tru 07 o |

Joint solution of equations (1.4) and (1.6) determines the profile of velo-

cities in the boundary layer.

It is check that the solution of linear equation (1.4) can be represented

by a series _ - o ,
Z=ASF AS F o FAS = N AS,,

. ) . ’ Jk==() . . (l' 7)

where

S=U" S =0 WY, Sy = (U, ... Sy = D (UQ)@ S

are known functions of x, whereas the Ak coefficients are dependent only on

¢ and B parameter and can be tabulated by integrating the equations
o (9 8) Ay + @dy — 204, = 24,3 4,0) = ;" A4, (0) = 4, (c2) =0, (1.9)

obtained by substituting the series (1.7) into equation (1.4). Here and below
" the prime denotes differentiation for the variable ¢ and the dot denotes

differentiation for $.

Using the series (1.7) we find the frictional stress on the wall. Relat-
- ihg it to the parameter vaUi/L, we will have
, g (0ZY ' '
Ty = — 2 (~> — DV (2,8, - 4\S; - o
=0 . .

Jp (1.10)

N (=)
] . —1/2
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*Thé coefficientsyak = -2_3/2Ak(0, B) are dependent only on B and also can be

tabulated.
§2. Integration of Equations (1.9) j /92

‘It is convenient to find the functions Ak (¢, B) in the form of sums

S | . o |
: (__ 1 ki - N .
A= ‘E‘(km),), fo S e

i=0

making it possible to replace the inhomogeneous equations (1.9) by homogeneous

equations [2]
| af + cpf —~21f‘.— 0

u.f(oc>~0 FES -2
When i # 0 equation (2.2) has a singularity on the wall (¢ = 0)_which is
characteristic of the Prandtl-Mises equation [9]. Accordingiy; numerical
integration of (2.2) is possible only beginning with sum ¢ > 0. The solution
-can be represented in the form of a series near the wall. Using self-similar

solutions [5], the variable ¢ near the wall is written in the form of a series
. - - K : A - e O‘Ow n . - . )
S = by + b bf = X BT . (2.3)

v I R PRI : .

The variable in the self-similar solutions is as follows:

: (m "; 1)_C_'xm‘——\ .

The b values are expressed through the parameter B8 and the coefficient,b2 =

( ) , determining friction on the wall in self-similar solutions

Py R . 4 , : . 4 I . .
by= —B/3Y by= 01 b= g b (28— 1) bo = gr bl @ — 3.
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The b, values are given in tables as functions of B8, for example, in the
monograph [5].

Using the expression (2.3) near the wall, the self-similar velocity dis-
tribution is written in the form of a series

(cp, £) = dlcp‘” + dch + dafp“”

Zd

(2.4)
whose coefficients are related to b_ by the equations
20y = dymy; 3b3=:dgn1—%cgnﬁ;4b4=:dgngﬂ-ngngni~%z%nﬁ;“., “(2.5)
here
mi = by; 2nmym, = b.s; m% + 2myms = by;
The expansion of (2.4) makes it possible to represent the solution of
equation (2.2) in the form of generalized power series
1, - 9, (30) (2.6)
fii-i!(qz 'QPJ f'==5:@;3,._
‘q:]_{__ Z ri[(.pn/?; = 1L V‘R n/2 .
o ¢ i (] V pz . (p i n:l uch > (2.7)
The substitution of these series into equation (2.2) gives recurrent formulas /93
for the coefficient r. , R, :
in’ Tin

Tn=rp =R, =R, =0;3r.d =8 8,d = 3(1'2,‘5‘.

15le£3 =42 —1) 24d1Ri4 = 154 Rta;

Equations (2.7) make it possible to find the a3 and Py values for some
¢ close to zero.

Using these as the initial values, by numerical integration
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of equation (2.2) we find the q; and P; functions for ¢ and 8. Then, ‘
using equations (2.6), we determlne the constants c the functions f and
finally, the coefficients of the series (1.7) and (1.10) necessary for com-

puting the velocity profiles and wall frictional stress. In this case A

k
wvalues are determined using equation (2.1) and the ak coefficients are found
u51ng the formula

i=k
_ _ ___1)’2—1—1 . :
:—_-_.-2 3/2A 0,8) = 9732 O ( .
- ( ) (k——lﬁz! (2:8)

i=0

which is derived after differentiation of (2.1) and substitution of the fi(O)

value found using expression (2.6) or (2.7).

The results of these computations are given in Tables 1 and 2 and in

Flgures 1 and 2. It can be seen that the Ak and 2y values rapidly decrease

with an increase in no. and have relatlvely little dependence on 8 (the solid
~curves in Figure 1 apply for 8 =--0.16). “In computations of velocity profiles
and wall frictional stress, this makes it possible to limit ourselves in the

ﬁééfiesv(i;7) and'(l.IO) to the first few terms.
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TABLE 1.

9 l A, ‘ —A, l A, | —A, A, l —A ‘ A i —A,
- 0,1 0,902 0,154 0,032 0,007 .y 0,907 0,130 0,026 0,005
0.3 0,719 0,262 0,070 0,016 0,731 0,237 0,061 0,013
0,5 0,559 0,272 0,083 0,020 | _ 0,574 0,255 0,075 0,017
- 0,7 - 0,424 0,243 0,082 0,020 0,439 0,253 0,076 0,018
’ - 0,9 0,313 0,200 0,072 0,018 0,327 0,197 0,068 0,017
’ 1,2 0,189 0,135 0,052 0,014 0,199 0,136 0,051 0,013
1,6 0,087 0,068 0,028 0,008 0,093 0,070 0,028 0,008
2 0,036 0,029 0,013 0,004 0,038 0,031 0,013 0,004
2,4 0,013 0,011 0,005 0,001 0,014 0,012 0,005 0,002
. 2,8 0,004 0,003 0,002 0,001 0,004 0,004 0,002 0,001
" 3,2 0,001 0,001 0,000 0,000 0,001 0,001 0,000 0,000
B=0,5; D¢=0,1870 B=1; Dy=0,2962
0,1 0,912 0,112 0,022 0,004 | 0,914 0,105 0,020 0,004
- 0,83 . 0,744 0,215 0,053 0,011 0,749 . 0,206 0,049 0,010
0,5 0,591 - 0,240 0,067 0,015 0,598 0,233 0,064 . 0,014
0,7 0,457 0,227 0,070 0,017 .0,464 0,223 0,068 0,016
0,9 0,343 0,195 0,065 0,016 0,350 0,194 0,063 - 0,015
‘ 1,2 0,212 0,138 0,050 0,013 0,217 0,138 0,049 0,013
1,6 0,100 0,073 0,028 0,008 0,103 0,074 0,028 0,008
2 0,041 0,032 0,013 0,004 0,042 0,033 0,013 0,004
2,4 0,015 0,012 0,005 0,002 0,015 . 0,013 0,005 0,002
"2,8 0,005 0,004 0,002 0,001 0,005 0,004 0,002 0,001
~3,2 0,001 0,001 0,000 0,000 0,001 0,001 0,000 0,000
TABLE 2.

i ‘ ay ‘ a | —a | g { D, —Dy l D, ’ —Dy
2 0,298 0,515 0,067 0,013 0,403 | 0,291 0,089 0,022

1 0,305 0,564 0,074 0,014 0,296 | 0,296 0,092 0,022

0,5 0,313 0,616 0,081 0,016 0,187 0,300 0,095 0,023

0 0,332 0,757 0,099 0,019 0,000 | 0,310 0,100 0,025

—0;,16 0,350 0,957 0,121 0,024 | —0,089 0,320 0,107 0,027

—0,199 1 0,360 1,300 0,138 0,028 | —0,115 0,327 0,09 0,028

Tr. Note: commas in tables indicate decimal points.

§3. "Determining the B Parameter.

In computing B we turn to the integral relation (1.6), which gives the

condition for equality to zero for the total error arising during substitution

|




of the self-similar velocity distribution a(¢, B) into equation (1.3) in
place of the actual velocity distribution u/U. Since the solution (1.7)
determines the parameter Z, dependent on (u/U)Z, for simplifying the computa-

tions it is convenient to replace this condition by the following:

'1»4]?[(%)2““1"‘*":03 - ’ cs-li.

This substitution of one integral condition by the other has little
effect on the final computation results. Equation (3.1), with the aid of

(1.7), is reduced to the form

DeSo-+ DS, + D,S; + oo + DSyt o= ¥ DS, =0. (3.2)

B0 S

The.Dk coefficients are dependent only on B

Dy = S(Ao +at—1)dg D= S Ad9.
s 0 b

The Dk(s) values are given in Table 2. We find that the Dk = Dk(DO)Acurves

..are close to linear. Taking this into account, and solving (3.2) for DO’ we

obtain

D 0,318, — 0,18, -- 0,258, - 0,005S;
F 0T 0,046 0,027 0,009 0,002 . -
S S, -+ S

. _S°+(o,1245 00727 (0,018 70 (0,006) S (3.3

Here the coefficients on Sl’ 82,.83, S4, present in the denominator without
parentheses, pertain to positive DO (or B) values, whereas those in parenthe-

ses apply to negative DO (or B).
. Knowing DO’ it is easy to determine the B parameter, unambiguously
related to it. However, in computations it is possible to use D0 in place of

B as a parameter.




§h. Transformation in.the Plane x, y and Determination of Characteristic
Thicknesses

The series (1.7) gives the velocity distribution in the plane x, ¢.

Transformation to the actual plane x, y is by use of the third equation (1.1)

S,V |
| l/‘é ullU ° (4.1)

< Where ¢ ~ 0, u/U ~ 0 and the integrand increases without limit.

In the expansion (2.7), limiting ourselves to the first term, the
velocity distribution (1.7) near the wall (¢ = 0) can be represented in the
form : ' _

12 = 220 (@,So -+ 3,8y + .. - @S, + <) =29 ¥ 4,8,
L '  A=0 ’ (4.2)

~ Twhere the a, values are determined using equation (2.8).

Usingrexpressions (4.2) and (1.10), we represent (4.1) in the form

R 1/2 e 3 ; . ' )
: i Po (20) ds ]
y%(@,) | (E) T _Y wu - (4.3)

D

Here ¢0 is some ¢ value sufficiently close to zero; & is the integration

variable.

The expulsion thickness §*, momentum losses §** and energy losses §%¥%

are




They éan be determined by numerical integration using the known velocity dis-
tribution in the layer. However, it is possible to compute the thicknesses
more simply without recourse to the velocity distributions in the layer. The

expression for &§%**, using equation (3.1), is reduced to the form

nt _V()(D r
- U

Since the dependence I = I(DO) is close to linear, for §%***, ye obtain the /96
formula '
The other two parameters are determined using the form parameters
. . 6‘ “‘ 6.*"
.H--BT”H—JEW, ; : 3 (4.4)
*% %
unambiguously related (Figure 3) to the form parameter ¢ = Tw6 T whose
value is computed from already known Ty and §**¥%,
: o o . - §5. Computation Examples
V¥ - : . ‘
\Ex : }& 4 On a practical basis the computa-
rwf” PN B /)//', tions are made in the following way.
gl 6 \\\\ : i - Using the stipulated velocity distribu-
B \\\\%<j/// » tion in‘potential flow U(x), we find
% . i
» — ~_ e (x), Sk’ DO’ Then we determine the a,
zb;ﬁ///// Tt ‘ coefficients (Figure 2), wall frictional
‘oo a0 0 B0 { stress Ty and thickness of energy loss
§***,  Using known H* and H, which are ta-
Figure 3. _ ken from Figure 3 as a function of the form

_ parameter 7, we compute §** and &*. The

A, (¢4) (as a function of D,.) from Table 1 are used for com uting the yeiocity
k 0 p

distribution using formula (1.7).
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: Since Ak values have a relatively weak dependencé on D0 (onVB), for
those values DO which do not coincide with those given in Table 1, the values
of the A, coefficients can be found by linear interpolation. ‘

k
Now we will give computations of the boundary layer on a round cylinder.
In this case the velocity distribution in the potential flow is represented.
by a sine curve U = sin x. In accordance with formula (1.2) and (1;8) we
find
x - i -
‘ O= S.de= 2si112—2x—; S, = U2 90— @3
S, =0 U = 2(% —20% S, =PV = —20% S;=..=S§,=0.

Using the dependence (3.3), we find

D 0620420  02-4042co5x
° = 2,092 —1,0380 ~ 1054 4 1,058 cos % °

And using Figure 2, we find the 2, a; and a, values. 'Takiﬁg expréssion (1.10)

into account, we compute the wall frictional stress

‘Tu; —’—-’.Sin':;— (K’o "‘Kl Sin2 ’g“) 5

Ko=2V2@+a) K =213+ 2, +2,).

For this case, the noted I, the results of the computations (curve 2), in
-Figure 4 are compared with data obtained in [11] by numerical integration of

boundary-layer equations (curve 1).

" . . |
b Yl 2k This same figure shows a comparison of
a8{ \\ data found by numerical integration [7]

with computations made on the basis of

02

. Q4Q8//

1
a2)is Mo : - d. - ,
. /7 T 5}\*\\2 , linearly (U d0 dlx)A
oLl aw o s 0 PN

g¢ . 08 @2 620 x(l)

formula (1.10) for case 1I, when the

velocity and the potential flow changes

Figure 4.
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In addition, as -a comparison, Figure 4 shows the results of computations /97
by the one-parameter method (cﬁrve 3). It can be seen that the frictional
stress determined using formula (1.10) coincides virtually completely with
the value determined by numerical integration in all cases other than for a
small fegion near the break, where the solution of even precise equations in
“_rséries deviations of the same magnitude [6]. ‘
Figure 5 gives a comparison of velocity profile (denoted by smallbcrosseS)
in the boundary layer on a cylinder computed usiﬁg formulas (1.7) and (4.3)
Vand profiles (solid curve) constructed by mean of numerical integration. In
this figure as well the results coincide, other than for the profiles at the

breakaway point.
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